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ABSTRACT 
In this work, we use Runge-Kutta method of order four for solving of fuzzy Volterra integro-differential 

equations (FVIDE).  We give some numerical examples to illustrate the theory. 
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INTRODUCTION 
The concept of fuzzy set was first introduced by Zadeh [30]. Since then, the theory has been developed and 

it is now emerged as an independent branch of Applied Mathematics. The elementary fuzzy calculus based on 

the extension principle and the integration of fuzzy  function was first studied by Dubois and Prade [6].  

Goetschal and Voxman [9]  preffered a Rieman integral type approach and Kaleva [21] defined the integral of 

fuzzy functions using the Lebesgue type concept for integration. Lakshmikantham and Mohapatra [12]  studied 

fuzzy integral equations with arbitrary kernals.  The properties of fuzzy integral equations was discussed by 

many researchers[4, 7, 20, 22, 24, 26, 28]. The existence and uniqueness theorems for certain FVIDE involving 

fuzzy set valued mappings was studied by  Hajighasemi et. al. [17]. Numerical procedures for solving fuzzy 

integral equations with arbitrary kernals have been investigated by Friedman et.al.[15]. The theory of general 

Runge-Kutta methods for Volterra integro-differential equations of second kind was discussed by Lubich [13].  

Mashaallah et. al. [16] used  variational iteration method for finding the numerical solution of FVIDE. In this 

work, we use Runge-Kutta method of order four for solving FVIDE of the second kind.  

 The structure of this paper is organized as follows. In section 2, we collect some basic concepts and 

preliminary results. In section 3, we study the FVIDE. In section 4,  we discuss Runge-Kutta method of order 

four for finding the numerical solution of FVIDE. Finally in section 5, the proposed method is illustrated by 

solving some  numerical examples. 

 

PRELIMINARIES 

         In this section, we give the  fundamental notations of fuzzy set theory which is used throughout this paper. 

Definition 2.1. 

         A fuzzy number is a fuzzy set ]1,0[: 11  ERu  which satisfies 

i. u  is upper semi-continuous; 

ii. 0)( xu  outside some interval ];,[ ba  

iii. There are real numbers b  and ,, dcbac  for which 

1) )(xu   is monotonically increasing on  ],,[ ba  

2) )(xu   is monotonically decreasing on  ],,[ dc  

3) .,1)( cxbxu   

The set of all the fuzzy numbers is denoted by 
1E  is given by Kaleva [21]. 
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Definition 2.2. 

A fuzzy number u  is a pair  uu,  of functions )(u  and ,10),(  u which satisfy the following 

conditions: 

i) )(u  is a bounded monotonically increasing, left continuous  function on ]1,0(  and right continuous 

at ;0  

ii) )(u  is a bounded monotonically decreasing, left continuous  function on ]1,0(  and right continuous 

at ;0  

iii) ,10),()(   uu  

A crisp number   is simply represented by .10,)()(   uu  This fuzzy number space 

as shown in [29], can be embedded into the Banach space ].1,0[]1,0[ CCB   

For arbitrary )),(),((  uuu   ))(),((  vvv   and Rk we define addition and multiplication by 

k  as 

.0,)()(),()(

,0)),()(())(()),()(())((





kifukkuukku

kifvuvuvuvu




 

Definition 2.3. 

A function 
1),(: EbaF  is called H-differentiable at ),( bat  if, for 0h  sufficiently small, there exist 

the H-differences )()(),()( htFtFtFhtF   and an element 
1)(' EtF   such that : 

.0)(',
)()(

lim)(',
)()(

lim
00








 








 
 

tF
h

tFhtF
DtF

h

tFhtF
D

hh
 

Then )(' tF  is called the fuzzy derivative of F at .t  

Definition 2.4. 

Let ., 1Evu   If there exist 
1Ew  such that wvu 

 
then w  is called the H-difference of vu,  and it is 

denoted by .vu   

Definition 2.5. 
For arbitrary fuzzy numbers vu,  we  use the distance [9]: 

}|)()(||,)()(|max{sup),(
10




vuvuvuD 


 

and it is shown that ),( 1 DE  is a complete metric space [25]. 

Definition 2.6. 

Let .],[: 1EbaF 
 
For each partition },,,{ 10 ntttP   of ],[ ba

 
and for arbitrary 

 nitt iii   1],,[ 1  suppose 

 


 
n

i

iiiiiP nittttFR
1

11 .,,1|,|:),)(( 
 

        The definite integral )(tF over ],[ ba  is ,lim)(
0

P

b

a
RdttF


  

provided that this limit exists in the metric 

D  [8,9].   

         If the fuzzy function )(tF is continuous function in the metric ,D  its definite integral exists [9]. Also, 
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.);();(,);();(  













 b

a

b

a

b

a

b

a
dttFdttFdttFdttF 

 
Definition 2.7. 

Let 
1],[: EbaF   be differentiable. Denote ].1,0[)];(),;([)]([   tgtftF   Then f  

and g  

are differentiable and ].1,0[)];('),;('[)]('[   tgtftF     

Lemma 2.1. 

If f and g are Henstock integrable functions and if the function given by ))(),(( tgtfD  is Lebesgue 

integrable, then  

 




 b

a

b

a

b

a
dttgtfDLdttgFHdttfFHD .))(),(()()()(,)()(  

Definition 2.8. 

Let 
1],[: Ebaf   be a bounded function. Then the function  

   ||],,[,));(),((sup),(],[ yxbayxyfxfDfba
 

is called the modulus of continuity of f on ].,[ ba  

 

FUZZY VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS 
We consider the VIDE of the form, 

,)(

,,)(),(),(,)('

00 yty

btadssystKtytfty
t

a








 

             (3.1)

 

where ),(,0 stK  is an arbitrary kernel function over }:),{( btsastS   and 









t

a
dssystKtytf )(),(),(,   is a continuous fuzzy  function on the interval ].,[ ba  We assume that 

.0  In order to design a numerical scheme for solving Eqn (3.1), we write the parametric form of the given 

Eqn (3.1) as follows:  

     

,);(),;(),;(,);('

,);(),;(),;(,);('


















t

a

t

a

dssUtytytfty

dssUtytytfty





         (3.2)

 

where 












0),(),;(),(

,0),(),;(),(
);(),();(

stKsystK

stKsystK
systKsU






 

and  












.0),(),;(),(

,0),(),;(),(
);(),();(

stKsystK

stKsystK
systKsU




  

We can see that (3.2) is a system of FVIDE for each 10   and .bta   

RUNGE-KUTTA METHOD FOR FUZZY VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS 

The exact and approximate solutions at Nntn 0,  are denoted by )];(),;([)]([  tFtFtF   and 

)];(),;([)]([  tytyty   respectively. We replace the interval ].,[ ba   by a set of discrete equally spaced 
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grid points bttta N  10  at which the exact solution )];(),;([)]([  tFtFtF   is 

approximated by some )];(),;([)]([  tytyty    respectively. The grid points at which the solution is 

calculated are .1;,0 Nn
N

ab
hnhttN 


  The Runge-Kutta method for FVIDE is given by the 

formula  

,

)];(),;([)],;(),;([

)],;(),;([),,();(
max);(

,

)];(),;([)],;(),;([

)],;(),;([),,();(
min);(
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niniinninn
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n
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     (4.1)

 

 

where 

,
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).,,1(,)];(),;([|),(max);(
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1

1

mitYtYuuhcshdtKahtZ
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ninijnijn
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We now discuss Runge-Kutta methods for FVIDE where the lag term in Eqn (4.1) is discretized by 

).,,1(,)];(),;([|),(max);(

,)];(),;([|),(min);(

1

1

1

1

1

1

mitYtYuuhcshctKbhhctz

tYtYuuhcshctKbhhctz

niniijin

m

i

n

j

iini

niniijin

m

i
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j

iini










































we assume ),,1,(
1

mjiac
m

j

iji 


 and require that jij cd   whenever 0ib  to ensure that the 

arguments of S  in Eqn (4.1) are in the domain .S  

 The non-zero constant ijijii aabc ,,  in the explicit Runge-Kutta(RK) method )2( m  for FVIDE are 

0,
3

2
,

3

1
,1,0,

2

1
,1,0 2221112122112121  aaaaaabbcc  

and we have 
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The non-zero constant ijijii aabc ,,  in the explicit 4-stage Runge-Kutta(RK) method )4( m  for FVIDE 

which are satisfy .ijij aa   
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                        (4.3) 

Lemma 4.1. 

Let a sequence of numbers  N

ni 0
  satisfy 
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Let ),,,( vustf  and ),,,( vustf  be functions f  and f  of  Eqn (4.7), where u  and v are constants 
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Proof: Let 
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now rearrange the above equation, we get 
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where 0L  is a bound for the partial derivatives of f , f . Thus, we have 
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NUMERICAL EXAMPLES 

In this section, we give the approximate solution of linear and nonlinear FVIDE by using 

Runge-Kutta method of order four. 

Example 5.1. 

Consider the following  linear FVIDE 
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The exact solution is given by   .)2();(;)5.05.0();( tt etYetY  
  

The exact and 

obtained approximate solutions of FVIDE are compared in Figure 1. 

 

 

 
Fig 1 : The exact and approximate solutions for FVIDE- Runge-Kutta method of order 4 

 

Example 5.2. 

We consider the following  linear FVIDE 
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The exact solution is given by   ).sinh()1();();sinh()1();( ttYttY    

The exact and obtained approximate solutions of FVIDE are compared in Figure 2. 
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Fig 2 : The exact and approximate solutions for FVIDE- Runge-Kutta method of order 4 

 

CONCLUSION 
In this study, we used Runge-Kutta method of order four for finding the approximate solutions of 

FVIDE. The efficiency of this method is illustrated by solving some linear and nonlinear FVIDE. We feel that 

this work may help to narrow the existing gap between the theoretical research on FVIDE and practical 

applications used in desiring various fuzzy dynamical systems. 
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