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ABSTRACT
In this work, we use Runge-Kutta method of order four for solving of fuzzy Volterra integro-differential
equations (FVIDE). We give some numerical examples to illustrate the theory.
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INTRODUCTION

The concept of fuzzy set was first introduced by Zadeh [30]. Since then, the theory has been developed and
it is now emerged as an independent branch of Applied Mathematics. The elementary fuzzy calculus based on
the extension principle and the integration of fuzzy function was first studied by Dubois and Prade [6].
Goetschal and Voxman [9] preffered a Rieman integral type approach and Kaleva [21] defined the integral of
fuzzy functions using the Lebesgue type concept for integration. Lakshmikantham and Mohapatra [12] studied
fuzzy integral equations with arbitrary kernals. The properties of fuzzy integral equations was discussed by
many researchers[4, 7, 20, 22, 24, 26, 28]. The existence and uniqueness theorems for certain FVIDE involving
fuzzy set valued mappings was studied by Hajighasemi et. al. [17]. Numerical procedures for solving fuzzy
integral equations with arbitrary kernals have been investigated by Friedman et.al.[15]. The theory of general
Runge-Kutta methods for Volterra integro-differential equations of second kind was discussed by Lubich [13].
Mashaallah et. al. [16] used variational iteration method for finding the numerical solution of FVIDE. In this
work, we use Runge-Kutta method of order four for solving FVIDE of the second kind.

The structure of this paper is organized as follows. In section 2, we collect some basic concepts and
preliminary results. In section 3, we study the FVIDE. In section 4, we discuss Runge-Kutta method of order
four for finding the numerical solution of FVIDE. Finally in section 5, the proposed method is illustrated by
solving some numerical examples.

PRELIMINARIES
In this section, we give the fundamental notations of fuzzy set theory which is used throughout this paper.

Definition 2.1.
A fuzzy number is a fuzzy set U : R* — E' =[0,1] which satisfies
i U is upper semi-continuous;
i.  U(x) =0 outside some interval [a,b];
iii.  Therearereal numbers b and ¢, a <b <c <d, forwhich
1) u(x) is monotonically increasing on [a,b],
2) Uu(x) is monotonically decreasing on [c,d],
3) u(x)=1 b<x<c.

The set of all the fuzzy numbers is denoted by Elis given by Kaleva [21].
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Definition 2.2.

A fuzzy number U is a pair (ga) of functions U(«r) and a(a), 0 < a <1, which satisfy the following
conditions:
i) U(c) is a bounded monotonically increasing, left continuous function on (0,1] and right continuous
at 0;
i) a(a) is a bounded monotonically decreasing, left continuous function on (0,1] and right continuous
at 0;
iy u(ax)<u(a), 0<a<l
A crisp number ¢ is simply represented by U(cr) = a(a) =a, 0<a<1. This fuzzy number space
as shown in [29], can be embedded into the Banach space B = 6[0,1] X 6[0,1].
For arbitrary U = (g(a),a(a)), V= (\_/(a),\_/(a)) and K € R we define addition and multiplication by
kK as

U+V)(@) = U@)+v(@), U+V)(@)=(u(@)+v(@), if k=0,
ku(a)=ku(a), ku(@)=ku(a), if  k=0.
Definition 2.3.
Afunction F :(a,b) — E'is called H-differentiable at t € (@,b) if, for h >0 sufficiently small, there exist
the H-differences F (t+h)—F(t), F(t)—F(t—h) andanelement F'(t) € E' such that
lim D(—F(” hr)] —F), F'(t)j: lim D(—F(t * hg =0} F'(t)j -0,

h—0" h—0*
Then F'(t) is called the fuzzy derivative of F at t.
Definition 2.4.

Let U,V e E. If there exist We E* such that U=V +W then W is called the H-difference of U,V and itis
denoted by U —V.

Definition 2.5.
For arbitrary fuzzy numbers U,V we use the distance [9]:

D(u,v) = sup max{ |u(a) - v(a) || u(e) - v(a) | }

0<a<l
and it is shown that (E*, D) is a complete metric space [25].
Definition 2.6.
Let F :[a,b] — E*. For each partition P ={t,,t,,...,t.} of [a,b] and for arbitrary

& et ;] 1<i<n suppose
R; :Zn:F(gi)(ti —ti4), A= {lti ~tigl :1""’n}'

b .
The definite integral F (t) over [a,b] is I F(t)dt= |Iﬁg R, , provided that this limit exists in the metric
a A

D [8,9].
If the fuzzy function F (t) is continuous function in the metric D, its definite integral exists [9]. Also,
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( I:F(t;a)dtJ _ j:E(t;a)dt, ( j:F(t;a)dtj _ j:E(t;a)dt.
Definition 2.7.
Let F:[a,b] = E* be differentiable. Denote [F(t)]” =[f (t;),g(t;a)] @ €[0,1]. Then f_ and g,
are differentiable and [F'(t)]* =[f'(t;),q'(t;a)] « €[0,1].
Lemma 2.1.

If fand gare Henstock integrable functions and if the function given by D(f(t),g(t)) is Lebesgue
integrable, then

D((FH )[[ (), (FH) j:g(t)dtj <(L)['D(f (1), g(B)dt

Definition 2.8.
Let f :[a,b] = E* be a bounded function. Then the function

Doy (F,6) =sup{D(F (x), f (y)); xye[a,bl|x—yl<5}

is called the modulus of continuity of f on [a,b].

FUZZY VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS
We consider the VIDE of the form,

y'(t) = f(t, y(t),AI;K(t,s)y(s)ds), a<t<b,

Y(to) = Yo» (3.1)
where A>0, K(t,s) is an arbitrary kernel function over S={(t,s):a<s<t<b} and

f(t,y(t),ﬂj:K(t,S)y(S)ds) is a continuous fuzzy function on the interval [a,b]. We assume that

A >0. In order to design a numerical scheme for solving Eqn (3.1), we write the parametric form of the given
Eqn (3.1) as follows:

y )= £t y(ta). (e, A[U(sa)ds )

Y6 =1Ly yta) 2 [ U(sads)
= a (3.2)
where

Kt s)y(s;a), K(t,s)=0,

U(s;a) =K(t,9)y(s;a) :{ Z
- |K@{,9)y(s;), K(t,s)<0

and
K(t,s)y(s;a), K(t,s)=0,

U (5;0{) = K(t,S)y(S,a) = {K(t, S)X(s;a)’ K(t,S) <0.

We can see that (3.2) is a system of FVIDE for each 0 < <1 and a<t<h.

RUNGE-KUTTA METHOD FOR FUZZY VOLTERRA INTEGRO-DIFFERENTIAL EQUATIONS
The exact and approximate solutions at t, 0<N <N are denoted by [F(t)]* =[F(t;),F(t;@)] and

[y®1" =[y(t; a), y(t; )] respectively. We replace the interval [a,b]. by a set of discrete equally spaced
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grid points a=t, <t,...<ty =b at which the exact solution [F(t)]* =[F(t;a),F(t;a)]

approximated by some [Y(t)]* = [y(t'a),y(t;a)] respectively. The grid points at which the solution is

b-a
calculated arety =t, +nh, h= N ;1< n < N. The Runge-Kutta method for FVIDE is given by the

formula
Y(t,.a1) = min y(tn,a)+hzl:b f(t,+chuv+wuelY, (t,;),Yit,;a)] |
Velz, (t, +cha) zalt, + chia)lwelZ, (t,ia). Zi(t,ia)]
Y(t,..; ) = max y(t”;a)JrhibiT(tn+Cih'“'V+W)‘“E[Xi(tn;a),\?i(tn;a)], |

velz,(t, +eha) zalt + Gl welZ (t;a). Zi i)l |, )

where

. 'a):min{z(tn;%hia”i““”J“’“’”W)\Ue[!.(tn;a),?.(tn;a)],

velz, (t, +ch;a),zn(t, +cha)welZ,(t, ;). Zi(t, ;)]
7\t max y(tn,a)+hZauf(t +c;h,u v+w)\ue[v (t:a)Yi(t, )] |
velz, t, +cha),zn(t, +cha)WelZ,(t. ;). Zi(t, ;)]

Z(t;a)= mm{hZa.,K(t +d;h,s, +c;hufuelY, (tn;a),\?i (tn;a)]},

Zi(tn;a):max{hZa.,K(t +d;h +th)u|uE[L(tn;a),Vi(tn;a)]}, (i=1,...,m).

We now discuss Runge-Kutta methods for FVIDE where the lag term in Eqn (4.1) is discretized by

z;(t,+c,h;a) = min{hinibiK(tn +c;h,s. +ch)yu|uelY, (tn;a),\?i (tn;a)]},

i=1 j=1

Ei(tn +ch;a) = max{hzm:nibiK(tn +c;h,s; +ch)u|u e[\ii(tn;a),\?i(tn;a)]}, (i=1,...,m).

i1 1
m
we assume C; = Zaij (i, j=1,...,m) and require that d;; > C; whenever b; # 0 to ensure that the
=1
arguments of S in Egn (4.1) are in the domain S.
The non-zero constant C;,b;a;;, ajj inthe explicit Runge-Kutta(RK) method (M = 2) for FVIDE are

1 1- 2=
¢ =0,¢c, =1, blzbzzg, a, =4a, =0,a, =1, an—gam—ga =0

and we have
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Y, (t,ia) = minflu e[yt @), y(t, )]}
Vl(tn;a) = max{u‘u e [X(tn;a),gl(tn;a)],},

Z,(t;a)= min{E K(t,+hss)ulue [!l(tn;a),V1(tn;0[)]},

Z1(t, ;o) = max 2K(tn+h,sn)u|UG[L(tn;a),\71(tn;a)]},

Y, (t; ) = min {y(t“’“”hf(t U VWl el t, -a)Yl(tn;a)]}

velz,(t,;a),za(t,;)lwelZ,(t,;a),Z:1(t,;a)]
{y(tn,a)+hf(t u,v+w)‘ue[\il(tn;a),Yl(tn;a)]}

Y 2(t, ;) = max B
velz,(t,;a),za(t, ;) welZ,(t,;a), Zu(t,; )]

2h

Z,(t ;) =min . K(tn+h,sn)u|ue[zl(tn;a),\?l(tn;a)]},

Zo(t o) = max{ K(t +h,s )u|ue[xl(tn;a),\?1(tn;a)]},
Now we define
y(tn,a)+ ft, ul,vl)+gi(tn+h,u2,v2+w)|
y(t,.0;@) = mindUs em(tn,a),vl(tn;an, U, €Y, (t,;2).Y ()],
v, €lz,(t, ), 20t )]V, €[z, (¢, +hia), zn (t, + hia)]
we [;z(tn;a) Z:(t,;0)]

y(tn,a)++ f(t, ul,v1)+2?(tn+h,u2,v2+w)|

9( n+l'a) max ul € [Xl(tn;a)in(tn;a)L u2 E[XZ(tn;a)lVZ(tn;a)]l

Vl € [Zn (tn;a)!gn(tn;a)]’vz € [Zn(tn + h;O{),En (tn +h1a)]
welZ,(t,a),Z:(t, ;)

(4.2)
The non-zero constant C;,b;@;,aij in the explicit 4-stage Runge-Kutta(RK) method (M = 4) for FVIDE

which are satisfy &;; = aij.

1 1 4 1
¢ =0,c=¢ :E’Cz: =l a,=a,=8;=28,=8,=8,=02a, :E’am 25’332 :E’am =1,
1 1 1
blzg,bz :b3 :g,b4 :E

and we have
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Y, (t;e) =minfu|u ely(t,;a), y(t,; )T}
?1(tn,a) = maX{U | ue [X(tn,(x),y(tn,a)]},
Z,(t,;2) =0, Zi(t,;a) =0,

_ y(tn;a)ﬂf(tn,u,v1+w)\ue[xl(tn;a),?l(tn;a)],
;) =ming = 2— ,

welZ,(t ;a) Z:(t, ;)]

welZ,(t a),Zi(t :a)]

Z,(t,;a)=mi

n’

_ { y(t, a)+—f(t UV+W)‘UE[Y (t:a)Yi(t, a)]
"z

Mk + D +215, +—)u|UG[Y (t ;). Ya(t, a)]}

N |

Zz(t ) = max{ K(t, +§s +2)U|UE[Y (t, a)Yl(t a)]}

N | o

y(t, a)+%hf(t Uy, vl+wl)+ h f(t +2 uz,v2+w2)|

XS(tn;a) = min ul E[Xl(tn;0!)1Y1(tn;a)]1uZ < [XZ(tn'a)!Yz(tn;a)]l

W, €[Z,(t,;0), Z1(t,; )W, €[Z,(ta), Za(t,; )]

y(tn;a)+ 4 f(t,,u,v, +W)+ h ¥ f(t +2 Uy, Vy +W,)|

n;a) = max- U, E[Xl(tma)’Yl(tma)]!uz E[\iz(tn,a).YZ(tnia)],
W, €[Z,(t ;@) Z1(t,; )W, €[Z, () Z2(t,; )]

4h 1 h

)= min —K(t Iy, T K(t, n oS )u2|
u e[Y,(t ), Y1t ;) u, e[Y,(t ;)Y (t, a)]
4h 1 h

Z ot ) = —K(t Oy, T K(t, Wt oS +—)u2|

u, e[Y,(t, a)Yl(t sa)lu, e[Y,(t, a)Yz(t a)]

|yt e)+hf(t, +E,u,v3 +W)|
;) =ming = — 2 ,
uelY,(t,;a).Ys(t,; @)l welZ,(t,;a) Zs(t,; )]

- - h
_ t,a)+hf(t, +=,uv,+w
Y4t ;) =min Vi) ( 2 )
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Z(tn;a) = max{hK(tn +g,sn +g)u‘u € [Xg(tn;a),vs(tn;a)]}
where
vl:[zn(tn:a),in(tn:a)]{%K(tn, V(i) P K (s n)vl(tn,a)}

h

h - h h h h h.—
v2:[;n(tn+§;a),zn(tn+§;a)]={—K(tn+2 S, +§)Y (. a), 3K(tn+§,sn+§)Yz(tn;a)},

h

h -  h h  h h  he
:[Zn(tn+z,a),2n(tn+z,a)] ‘: K(t +§ S +E)Y (t )3K(tn+5,sn+E)Y3(tn,a):|,

v, =[z,(t, +h;0¢),§n(tn +h;a)]:{g K(t, +h,s, +h)\£4(tn;oc),EK(tn +h,s, +h)\74(tn;a)}.

Now we define

X(tml;a)

y(tn,a)+—f(tn,ul,v)+ f(t +2 u,,V, +w)+ f(t +2 Us, Vs +W,)

+gi(tn U v+ W)| Uy € [ (43 0), Yt @)l u, €I o (i) Ya (b))
= u3 e[X?,(tn;0[)!V3(tn;0()]'u4 E[X4(tn;a)’v‘l(tn;a)]’vl E[Zn(tn;a)lzn(tn;a)];
i 12,4, + 33 20t + DLV, €L, + i) 20t + D3]

v, €[z, (t, +ha),zn(t, +ha)lw, €[Z,(t ;a), Z2(t,;a)],
W, €[Z,(t,i ), Zs(t,; @)l W, €[Z, (L, ), Za(t,; )],
9( n+l’a)

y(tn,a)+ f(t ul,v)+ f(t +2 uz,v2+w)+ f(t +2 Ug, Vs +W,)

+%?(tn +hu, v, + W) Uy e[yt @) Vit @)l u, e[, (@)Y 2ty @)
= Jus Yo (tyia) Yoty U [V, (i) Vet @)l €2, tia) 2oty )]
Vv, € [Zn(tn +g;a),2n (tn +g;a)]1v3 < [Zn (tn +g;a),2n(tn +g;6¥)],

V, €[z, (t, + @), za(t, + )l W, €[Z,(t,;0), Z2(t,; )],
W, €[Z4(t,;0), Zs(t,; )W, €[Z,(t,;0), Za(t,; )],

4.3)
Lemma4.1.

Let a sequence of numbers {fi }::O satisfy
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n-1
& < AS |+ |&]+C,
i=0
with A>1, positive B,Cand &, =0.Then

£ < (A+nB) _1C.
A-1 (4.4)
Now, the first order approximation of F'(t) is given by [14]
Fit+ha)-F(ta)

F'(t,a) = .
h (4.5)

By virtue of equation (4.5) we obtain
1

y(tn+1)=y<tn)+hf( Z NG J)y(t)+K(tn.tj+1)y<t,+1)]]

=0
(4.6)
y(t,)=y)=F; n=0L.., (4.7)
By Theorem 2.7 in [21] we may replace (4.5) by the equivalent system
X(tml; @)

=yt a)+h ity a), y(tn,a)zb a{K(tn, 0@y ]

20 | Kty b)Yt 0), Yt @)

y( n+1’a)
K(t,, t)(y(t;; ), y(t;;@))
=Yt +h Tt vt y(tn,a)zb A ;
2n + K(tn'tj+l)(y(tj+l’a) y(tj+l’a)) (4 8)
y(t,;a) =y(ty@)=Fq Yt 0)=Y(t;a)=Fo; n=01...,
Let i(t,s,u,v) and T(t,s,u,v) be functions i and f of Eqn (4.7), where U and V are constants
and U <V. In other words, i(t,s,u,v) and ?(t,s,u,v) are obtained by substituting Y = (U,V) in Eqgn
(4.7). The domain where  f and T are defined

B={(t,s,u,v)|]a<s, t<b, —-wo<v<ow, —ow<u<vV} 4.9)

Theorem 4.1.

Let f(t,s,u,v) and f(t,s,u,v) belong to C*(B). Let the partial derivatives of f.,f be bounded

over B andalso D(F,,y,)= (r)nai‘({D(Fi ,¥;)}. Then, for arbitrary fixed @, 0<a <1,
limy(t,;a)=E(t,;a); limy(t,;a)=F(t,;a).

Proof: Let
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E(tn+1;a)
Ly al Kt t)(E( ia) F(t,ia)) 5
) F(t"’a)m{f{ o Yoie) Vi), Z 2n [+K<tn,t,+1)(F<tJ+1,a) F(t,+1,a)>m+0(h !
)
“F(ta) +h Tt v, a), y(tn,a)zb a Kt )EL ). F(ia) +o()
2n + K(tn'tj+1)(E(tj+1’a)’ F(tj+1’a))
and
X(tn+l;a)

= y(tysa) +h £, y(t,;e) y(tn,a)Zb o L)) 30, ) +0(n°),
B 2n +K(tn’tjﬂ)(z(tjﬂ’a)’y(tj+1’a))

()

_ 1h—a| K(t, t) (@), ¥t i) 5
=y(tn’a)+h (n,y(tn’a) y(tn’a) Z 2n [+K(tn’tjﬂ)(z(tjﬂ’a)’y(tj+1aa))]}:|+0(h )

Consequently,

E(tm—l ; a) - X(tn+1; a)

I tph_a| K(t, t)(E(;a) Ft;;a) |
[ Y(tie), (i), 2 L K, t,ﬂ)(E(tm;a),E(tm:a)J
=E(t,;a) - y(t,;@) +h v A
= i1h g | K@, t) (), y(t;: )
{ Y (@), Y(t ;) JZ(; on l:+ K(t,, t,.)(y(t0i ), y(tJ+1 a)) }
E(tn+1;a) - y(tnﬁ-l; 6\()
i wih-a|K(t, t)(F(;a)Ft;;a) |
) . [ (t a), y(t ), JZ(; on L_ K(tn,tjﬂ)(E(tM;a),E(tjﬂ;0!))}
Fia)yiash - Z |+0(h°),
wib-a| K, 1)), y(t;;a)
[ Yt a), y(t,; ), ,Z;‘ on L Kty )0 ), y(tJ+l a)) }

now rearrange the above equation, we get
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E(tn+1 ; a) - X(tm-l; 0{)

ft, (@), v, 0!))+Z

j=0

ZE(tn;a)_X(tn;a)+h

E(tm—l ; a) - 9(tn+l; a)

Tty y(t, ). ¥, a))+2

j=0

= F(ty;@) = y(ty;@) +h

lb-a

1

j=0

lb-a

2n

- f(t,, Y(t,: @), Y(t,:@)) - Z

2n

|

2n

|

K(t, t,)(F(t;;a),F(t;;@))
+K(t,, t)(El; ), F(tj+l @))
[K(tn, D50, y(t )

K(t, t,)(Et;;).F(t;;a)
+K(t, tj+1)(F(tj+1 @), F(tj+l @))

+K(t,, tj+1)(X(tj+1’ @), y(tj+l’ @))

:
|
:

+0(h%),

+0(h%),

1

-t Y(t,: @), Y(t,:@)) - Z

j=0

a| K(t, t)(y(t;;@),y(t;;))
i 2n |+ Kt t,)(y (.5 0), y(tj+l'a))
; a) - y(tn+1; a) and V (tn+l) = F(tn+l. 0!) - y(tn+l. 0!) Then

n+l?

W, < W, >|+h{

|

Denote W(t, ;) =F(t

b2 2 2L maxqI W (t,).V (t,) [F2L maxq| W (t,..).V (¢, 1) |}]}+0<h ),

j=0

VeI<ve, )|+h{ Eltmaqiwe,) v, )|}2Lmax{|W(t,+1)V(tﬁm}]}om )

j=0

where L > 0 is a bound for the partial derivatives of 1 I Thus, we have
W (t,.) <[ W &) [+ 20Lh 22 DE (). (0, ) +O(h°),

|V(tn+1)|<|V(t )|+2nth—aD(F(t ), Y(t,)) +O(h®),

Since n=0,W(t,) =V (t,)=W(t,) =V (t,) =0, we obtain

|W(t,m)|s2(n+1)thz‘—n"’1 D(F(t,),y(t,))+ O(h°),

V(t,)] £ 20+ L2 D(F(,), v(t, )+ O(h),
and if h — 0, we get D(F(t,), y(t,)) — 0.

NUMERICAL EXAMPLES
In this section, we give the approximate solution of linear and nonlinear FVIDE by using
Runge-Kutta method of order four.
Example 5.1.
Consider the following linear FVIDE

y'(t;a) = (05+0.5a)(e" ~t)+ j; sty(s;a)ds,
V(ta)=(2-a)eE -t) +j;st§(s;a)ds,

¥(0)=05+05a; y(0)=2-a; 0<a<l 0<s<t, te[0l]
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The exact solution is given by  Y(t;) =(0.5+0.5a)e';  Y(t;) =(2—a)e'. The exact and
obtained approximate solutions of FVIDE are compared in Figure 1.

o RK-2
o8- . RK-4

LX)

02

L L L 1 L L L L
1 15 2 25 3 as 4 45 5 55

Fig 1 : The exact and approximate solutions for FVIDE- Runge-Kutta method of order 4

Example 5.2.
We consider the following linear FVIDE

y(ta)=(a-1)+] y(sa)ds,
y(ta)=1-a)+[ y(sia)ds,
y(0)=0;y(0)=0; 0<a<l, 0<s<t, te[0].

The exact solution is given by Y (t;) = (¢ —1)sinh(t);  Y(t;a) = (1—a)sinh(t).
The exact and obtained approximate solutions of FVIDE are compared in Figure 2.
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Fig 2 : The exact and approximate solutions for FVIDE- Runge-Kutta method of order 4

CONCLUSION

FVIDE.

In this study, we used Runge-Kutta method of order four for finding the approximate solutions of
The efficiency of this method is illustrated by solving some linear and nonlinear FVIDE. We feel that

this work may help to narrow the existing gap between the theoretical research on FVIDE and practical
applications used in desiring various fuzzy dynamical systems.
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